StaT 821 HOMEWORK 3  SOLUTION
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By Neyman’s factorization theorem, T'= [] x; is the sufficient statis-
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tics for 6.

Question 2

(a) For any 6 € O, the posterior distribution of #|z is:

f(x]6)m(6)
Zaie@ f(x]0:)7(0;)

By the condition, we know it equals to some function g(0,T(z)), i.e.

f(x|0)m(6)
Zeiee f(x]0:)m(6;)

where g(z,T(zx)) is a function of § and T'(z) only. Thus

where 7(6) is any prior on 6

=9(0,T(x))

f(alf) = W S fal6)n(8)

0,€0
By factorization theorem, T(x) is sufficient for 6.

(b) If T'(x) is sufficient, then f(x|f) can be written as
f(]0) = g(0, T (x))h(z)

Let 7(6) be an arbitrary prior distribution, then the posterior of € is

fz]0)m(0) 9(6,T(x))
2pc0 [ (@|0i)m(0i) 34 co 90, T (2))m(0:)

The posterior depends on x only through 7'(z). By factorization the-

m(0)

orem, T(x) is sufficient for 6.

Question 3 (Problem 6.7)

(a) 0 = {&,n,0,1 1 —00 < &, < 00,0 < 0,7} The parameter space



contains 4-dimensional rectangle space.
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Thus, (x,y) is distributed as f(x) f(y) with parameter space 0 = {{,n, o, T

—00 < &, < 00,0 < o,7}. The sufficient statistics T = {>_ x;, > 22, > v, Yo v?}

is also minimal since (x,y) belongs to exponential family.
If 0 = 7, then the parameter space becomes
O={no0:—c0<En<00,0<0 <0}

which contains a 3-dimensional triangle in it. The joint distribution

of (x,y) is
1 1
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with natural parameter

{m,m2,m3 2 m Zin =£n =1
1,712,713 - 1/]1 20_27 2 0_25 3 0_2

This distribution belongs to exponential family with full rank. By
theorem 6.22, {>"2? + > y2, > 2;, > y;}is complete.

¢ =n and £, 0,n are arbitrary. The joint distribution of (x,y) is
1
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(27T)(m+n) exp{ 29 22 o QZyl
& m nn?
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This belongs to exponential family which is full rank. Therefore, the
minimal sufficient statistics is (3 @i, > 22, Y v, > y?).

f(z,y)



To show that the parameter space is full rank, let

1 1 & n

771:—@7772:—ﬁ7773:§,774:ﬁ

The natural parameter space is

3
O = {(771777217737774) 1 < 0,m2 < 0,77— = mn
a2

If we pick

1/2,-1/2,1,1)
1/4,-1/4,2,2)

(_

77(2) = (-

3 = (=1/9,-1/3,3,9)
(_
(_

@ = (-1/16,-1/16,4,16)
®) = (=1/25,-1/25,5,5)

then the 4 x 4 matrix
det

£0

Thus it’s full rank.

Question 4  (Problem 6.20)

(a)

Ti(z) = Xz, Y, 22) is sufficient. Consider Ty(z) = > 2? which is
sufficient statistic also, but for z # y 3 Ta(z) = Ta(y) s.t. Ti(x) #
T1(y). Thus T1(x) is not minimal.



(b) Toshow (Y @4, > 22,3 x3) is minimal sufficient, we need to show that
A = g ng”), G =0.1,2,3

such that

p(z,nM) plz,n®) plz,n®)
p(z,n©)" p(z,n©®)" p(z,n®)

is a one-to-one transformation of T = (3" z;, > 22, o).

From the pdf:
C exp(—nb*) exp (493 Z x; — 662 Z x? + 46 Z L Z xf)
we know the natural parameters are
46 = n1, —609 = 12,460 = 13

and
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(Zw“ N Ti(2), Y 0 — N Ti(@), Y0 - nEO’m(x))
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is minimal sufficient for any 7(©), (M 5@ 7B e O.

It can also be written as

it =t ng =l g = Ty
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Let
7 =(0,0,0), nM = (1/2,-3/2,2), n® = (4,—6,4), n® = (32, -24,8)

then it’s easy to see that (n(1) —7(©) 52 — 7O 5B _ nON span Ey
and the determinant is 72 # 0. Thus, (77,75, T3) is minimal sufficient.

Question 5 (Problem 6.21)



Proof: T = (Z Tiy > m?)

E (%f") — E(z) = Var(z) + [B@)]” = 5: €2 — "Tﬂg
- F nil <an>2 =&
B(Sa) =B =g - p(E5) ¢

=~  Ef(T(x))=0 where f(T(a:)):n+l< :

But f(T) #0 ae.,thus T = (3 x;, Y 2?) is not complete.



