
Stat 821 Homework 3 Solution

Question 1

(a)

f(x) =

n∏
i=1

[θxθ−1
i I(0,1)(xi)]

= θn

(
n∏

i=1

xi

)θ−1 n∏
i=1

I(0,1)(xi)

=

[
I(0,1)(min{x1, . . . , xn})I(0,1)(max{x1, . . . , xn})

]( n∏
i=1

xi

)θ−1

θn


By Neyman’s factorization theorem, T =

n∏
i=1

xi is the sufficient statis-

tics for θ.

(b)

f(x) =
n∏

i=1

θaxa−1
i exp{−θxai }I(0,1)(xi)

= (θa)n

(
n∏

i=1

xi

)a−1

exp{−θ

n∑
i=1

xai }I(0,1)(min{x1, . . . , xn})

=

an( n∏
i=1

xi

)a−1

I(0,1)(min{x1, . . . , xn})

[θn exp{−θ
n∑

i=1

xai }

]

By Neyman’s factorization theorem, T =
n∑

i=1
xai is the sufficient statis-

tics for θ.

(c)

f(x) =

n∏
i=1

θaθ

xθ+1
i

I(a,∞)(xi)

= θnanθ
1

(
∏n

i=1 xi)
θ+1

I(a,∞)(min{x1, . . . , xn})

=

[
I(a,∞)(min{x1, . . . , xn})

] [
θnanθ

(
∏n

i=1 xi)
θ+1

]

1



By Neyman’s factorization theorem, T =
n∏

i=1
xi is the sufficient statis-

tics for θ.

Question 2

(a) For any θ ∈ Θ, the posterior distribution of θ|x is:

f(x|θ)π(θ)∑
θi∈Θ f(x|θi)π(θi)

where π(θ) is any prior on θ

By the condition, we know it equals to some function g(θ, T (x)), i.e.

f(x|θ)π(θ)∑
θi∈Θ f(x|θi)π(θi)

= g(θ, T (x))

where g(x, T (x)) is a function of θ and T (x) only. Thus

f(x|θ) = g(x, T (x))

π(θ)

∑
θi∈Θ

f(x|θi)π(θi)

By factorization theorem, T(x) is sufficient for θ.

(b) If T (x) is sufficient, then f(x|θ) can be written as

f(x|θ) = g(θ, T (x))h(x)

Let π(θ) be an arbitrary prior distribution, then the posterior of θ is

f(x|θ)π(θ)∑
θi∈Θ f(x|θi)π(θi)

=
g(θ, T (x))∑

θi∈Θ g(θi, T (x))π(θi)
π(θ)

The posterior depends on x only through T (x). By factorization the-

orem, T(x) is sufficient for θ.

Question 3 (Problem 6.7)

(a) θ = {ξ, η, σ, τ : −∞ < ξ, η < ∞, 0 < σ, τ} The parameter space
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contains 4-dimensional rectangle space.

f(x) =
m∏
i=1

1√
2πσ2

e−
1

2σ2 (xi−ξ)2

=
1

(2π)m/2
exp

{
− 1

2σ2

∑
x2i +

ξ

σ2

∑
xi −

mξ2

2σ2
−m log σ

}

f(y) =
1

(2π)n/2
exp

{
− 1

2τ2

∑
y2i +

η

τ2

∑
yi −

nη2

2τ2
− n log τ

}

Thus, (x,y) is distributed as f(x)f(y) with parameter space θ = {ξ, η, σ, τ :

−∞ < ξ, η < ∞, 0 < σ, τ}. The sufficient statistics T = {
∑

xi,
∑

x2i ,
∑

yi,
∑

y2i }
is also minimal since (x,y) belongs to exponential family.

(b) If σ = τ , then the parameter space becomes

Θ = {ξ, η, σ : −∞ < ξ, η < ∞, 0 < σ < ∞}

which contains a 3-dimensional triangle in it. The joint distribution

of (x,y) is

f(x, y) =
1

(2π)(m+n)/2
exp

{
− 1

2σ2

(∑
x2i +

∑
y2i

)
+

ξ

σ2

∑
xi +

η

σ2

∑
yi −

mξ2 + nη2

2σ2
− (m+ n) log σ

}

with natural parameter

{η1, η2, η3 : η1 =
1

2σ2
, η2 =

ξ

σ2
, η3 =

η

σ2
}

This distribution belongs to exponential family with full rank. By

theorem 6.22, {
∑

x2i +
∑

y2i ,
∑

xi,
∑

yi}is complete.

(c) ξ = η and ξ, σ, η are arbitrary. The joint distribution of (x,y) is

f(x, y) =
1

(2π)(m+n)/2
exp

{
− 1

2σ2

∑
x2i −

1

2τ2

∑
y2i

+
ξ

σ2

∑
xi +

η

τ2

∑
yi −

mξ2

2σ2
−m log σ − nη2

2σ2
− n log τ

}
This belongs to exponential family which is full rank. Therefore, the

minimal sufficient statistics is (
∑

xi,
∑

x2i ,
∑

yi,
∑

y2i ).
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To show that the parameter space is full rank, let

η1 = − 1

2σ2
, η2 = − 1

2τ2
, η3 =

ξ

σ2
, η4 =

η

τ2

The natural parameter space is

Θ = {(η1, η2, η3, η4) : η1 < 0, η2 < 0,
η3

η4
=

η1
η2

}

If we pick

η(1) = (−1/2,−1/2, 1, 1)

η(2) = (−1/4,−1/4, 2, 2)

η(3) = (−1/9,−1/3, 3, 9)

η(4) = (−1/16,−1/16, 4, 16)

η(5) = (−1/25,−1/25, 5, 5)

then the 4× 4 matrix

det


η(2) − η(1)

η(3) − η(1)

η(4) − η(1)

η(5) − η(1)

 ̸= 0

Thus it’s full rank.

Question 4 (Problem 6.20)

(a)

pθ(x) =
1√
2πθ2

exp

{
− 1

2θ

(∑
x2i − 2θ

∑
xi + nθ2

)}
=

1√
2πθ2

exp

{
−1

θ

(
1

2

∑
x2i

)
−
∑

xi +
n

2
θ

}

T1(x) = (
∑

xi,
∑

x2i ) is sufficient. Consider T2(x) =
∑

x2i which is

sufficient statistic also, but for x ̸= y ∃ T2(x) = T2(y) s.t. T1(x) ̸=
T1(y). Thus T1(x) is not minimal.
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(b) To show (
∑

xi,
∑

x2i ,
∑

x3i ) is minimal sufficient, we need to show that

∃ η(j) = (η
(j)
1 , η

(j)
2 , η

(j)
3 ), j = 0, 1, 2, 3

such that (
p(x, η(1))

p(x, η(0))
,
p(x, η(2))

p(x, η(0))
,
p(x, η(3))

p(x, η(0))

)
is a one-to-one transformation of T = (

∑
xi,
∑

x2i ,
∑

x3i ).

From the pdf:

C exp(−nθ4) exp
(
4θ3

∑
xi − 6θ2

∑
x2i + 4θ

∑
x3i −

∑
x4i

)
we know the natural parameters are

4θ3 = η1,−6θ2 = η2, 4θ = η3

and(
3∑

i=1

(η
(1)
i − η

(0)
i )Ti(x),

3∑
i=1

(η
(2)
i − η

(0)
i )Ti(x),

3∑
i=1

(η
(3)
i − η

(0)
i )Ti(x)

)

is minimal sufficient for any η(0), η(1), η(2), η(3) ∈ Θ.

It can also be written as
η
(1)
1 − η

(0)
1 η

(1)
2 − η

(0)
2 η

(1)
3 − η

(0)
3

η
(2)
1 − η

(0)
1 η

(2)
2 − η

(0)
2 η

(2)
3 − η

(0)
3

η
(3)
1 − η

(0)
1 η

(3)
2 − η

(0)
2 η

(3)
3 − η

(0)
3




T1

T2

T3


Let

η(0) = (0, 0, 0), η(1) = (1/2,−3/2, 2), η(2) = (4,−6, 4), η(3) = (32,−24, 8)

then it’s easy to see that (η(1) − η(0), η(2) − η(0), η(3) − η(0))t span E3

and the determinant is 72 ̸= 0. Thus, (T1, T2, T3) is minimal sufficient.

Question 5 (Problem 6.21)
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Proof: T =
(∑

xi,
∑

x2i
)

E

(∑
xi
n

)
= E(x̄) = V ar(x̄) +

[
E(x̄)

]2
=

ξ2

n
+ ξ2 =

n+ 1

n
ξ2

⇒ E

[
n

n+ 1

(∑
xi
n

)2
]
= ξ2

E
(∑

x2i

)
= nE(x2i ) = 2nξ2 ⇒ E

(∑
x2i

2n

)
= ξ2

⇒ E f(T (x)) = 0 where f(T (x)) =
n

n+ 1

(∑
xi
n

)2

−
∑

x2i
2n

But f(T ) ̸= 0 a.e. , thus T =
(∑

xi,
∑

x2i
)
is not complete.
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